A recently developed experimental-analytical x-ray diffraction method for the direct, nondestructive characterization of crystalline materials is applied to analyze high-resolution x-ray refraction data from amorphous materials. The method uses a logarithmic dispersion relation to determine the x-ray phase. A priori knowledge of the sample structure is utilized to reconstruct the physical characteristics of the sample with a resolution of 0.25 m.
The high penetration and short wavelength of x-rays permit high-resolution, nondestructive analysis of materials. This ability to characterize the internal structure of materials is a result of the refraction and absorption of the incident x-rays. In tomographic imaging, 1 the absorption contrast is used to reconstruct a cross-sectional map of the linear attenuation through an object. Phase imaging methods, such as phase contrast imaging 2, 3 or interferometric 4 techniques, instead measure the refraction of incident radiation, by examining the phase shift introduced by the object. The limitation of such characterization methods is that either the refraction 2, 3 or the absorption 1 by the object are neglected. Phase retrieval x-ray diffractometry ͑PRXRD͒ is a recently developed experimental-analytical technique that has been successfully demonstrated for comprehensive structure mapping of one-and two-dimensional crystalline heterostructures. 5 To date, the technique has achieved ultrahigh spatial resolutions of 5.8 Å in the case of SiGe/Si multilayers. 6 This letter presents the application of PRXRD to x-ray refraction/small-angle scattering data from noncrystalline materials.
In the case of the noncrystalline sample, the complex scattering function of the sample may be expressed as:
where n is the map of the complex refractive indices, n(x,y,z)ϭ1-␦(x,y,z)-i␤(x,y,z) and z is the direction of the incident wave propagation, for an ideally monochromatic source of wavelength . The observed scattered intensity may be expressed as the square of the amplitude, Iϭ͉T(Q)͉ 2 , where T(Q) is given as the Fourier transform of the complex scattering function t(x):
where T(Q)ϭu(q r ,q i )ϩiv(q r ,q i ) and q r , q i are the real and imaginary parts, respectively, of the complex scattering vector Qϭq r ϩiq i . The inverse problem of determining the complex scattering function t(x) from the experimentally observed scattered intensity profile I(Q) depends on the theoretical approach to the relation between the modulation function and the observed intensity function. By utilizing a priori knowledge of the analytical properties of the complex scattering amplitude, 8 the phase (Q) of the experimentally observed x-ray scattering profile may be retrieved via a logarithmic dispersion relation, 9 an approach that is valid under the kinematical theory of x-ray scattering: 10 
͑Q ͒ϭϪ
where Q m (mϭ0,1,2,...,M -1) are the zeros of ͉T(Q)͉ in the upper half of the complex plane, and P is the Cauchy principal value of the integral. The zeros of the scattered amplitude Q m are of unknown number M and may, in principle, be infinite in number. However, the analyticity of the complex scattered amplitude allows its unique expression as a complex polynomial function:
in which the number of zeros is limited to the discrete number of points K in the data set. The location of the zeros can be determined by an analytical continuation of the complex scattered amplitude throughout the whole complex plane. An investigation of the phase-retrieval technique for an amorphous sample has been carried out with small-angle scattering data collected from a copper filament at the 1-kmlong beamline at SPring-8, Japan 11 ͓Fig. 1͑a͔͒. The copper sample is of nominally circular cross section, 50 m in diameter, which is assumed to be uniform along its length. A a͒ Electronic mail: Andrei.Nikulin@spme.monash.edu.au APPLIED PHYSICS LETTERS VOLUME 79, NUMBER 13 24 SEPTEMBER 2001 primary, tunable, double-crystal Si͑111͒ monochromator was used to select synchrotron radiation energy of 17.5 keV from the undulator source. Further angular collimation of the beam was performed using a double-reflection channel-cut Si͑111͒ monochromator, and the beam was spatially collimated by a pair of slits, nominally 530 m wide and 600 m high ͑in the diffraction plane͒. The scattered radiation from the sample was then Bragg diffracted using a highly asymmetric Si͑333͒ crystal analyzer (bϭ0.038) and the resulting intensity profile collected by a PIN diode detector. The amorphous nature of the sample was confirmed by examining a high-resolution x-ray charge-coupled-device camera ͑Hamamatsu AA20͒ image of the sample and slit arrangement taken at the analyzer position. Data were collected as a function of the angular deviation from the Bragg angle of the crystal analyzer, and as a function of the sample translation relative to the collimating slit. Although a limiting aperture is required to ensure that the conditions for analyticity of the complex scattering amplitude are met, 9 reconstruction of the infinite phase gradients presented by the slit and sample edges is numerically difficult. Hence, the sample was positioned such that it was partially occluded by a slit that is wide compared with the sample size, effectively reducing the number of extreme phase contrasts to 2 ͑rather than 4͒ ͓Fig. 1͑b͔͒.
A high-resolution x-ray scattering intensity profile for the sample approximately one-third occluded by the slit is shown in Fig. 2 ͑solid line͒. The analyzer crystal angular range of Ϯ0.008°gives a corresponding spatial resolution of approximately 0.25 m in the reconstructed complex scattering function. The data are strongly asymmetric about the Bragg peak, showing strong satellite peaks at angles above the Bragg peak and approaching the analyzer reflectivity curve at angles smaller than the Bragg angle. These experimental results are in general agreement with theoretical simulations as given by Eq. ͑2͒ ͑Fig. 2, dot-dashed line͒.
At present, the major difficulty in the reconstruction process for amorphous materials as presented here lies in the identification of which of the M calculated zeros Q m ͓Eq. ͑4͔͒, are to be included in the complete phase profile ͓Eq.
͑3͔͒. The calculated roots always lie in the lower half of the complex plane, corresponding to negative attenuation, and hence, are not physically meaningful. The complex conjugates of the Q m calculated zeros give rise to 2 M possible phase profile solutions of T(Q), which have the same modulus as the measured experimental modulus. It is not known a priori which of the zeros are ''true'' zeros, and which are merely produced by ''flipping'' the roots of the complex polynomial from the lower to the upper half of the complex plane. 5 In the present case, we utilize a priori knowledge of the sample to select an appropriately valid solution.
Since the sample is known to be homogeneous and presumed uniform in the y direction, the argument of the complex scattering function t(x) is directly proportional to the path length through the sample, i.e., sample ''thickness.'' An inverse Fourier transform of the calculated complex scattering amplitude T(Q) using only the minimal phase min (Q) ͓Eq. ͑3͔͒ was initially used to find the complex scattering function t(x), and hence, the thickness profile from arg͕t(x)͖. If this thickness profile did not agree with the known thickness profile, one of the M possible zeros was added to the minimal-phase solution to produce a new solution. This process continued until a solution in agreement with the known sample thickness profile was reached. This agreement was considered sufficient for a valid solution. Further examination of a large number of the possible 2 M solutions, for example, to determine if nonunique solutions existed, would be prohibitively time consuming and was not considered necessary. Figure 3 shows a series of reconstructed thickness profiles. Each of the reconstructed argument profiles showed the required features for an acceptable solution: the known sample translation, an appropriate phase gradient in the sample region, and a region of constant phase following a step-like phase change at the slit edge. The complex scattering function solution for the sample occluded approximately one third by the slit was used to calculate the scattered intensity profile according to Eq. ͑2͒ ͑Fig. 2, dotted line͒, and is contrasted with the experimental intensity profile ͑Fig. 2, FIG. 1. ͑a͒ Experimental setup for measuring small-angle scattering intensity profiles at the 1-km-long beamline, SPring-8, Japan, and ͑b͒ ͑inset͒ schematic illustration of the sample/slit arrangement, for a sample of circular cross section, partially occluded by the slit, and the resulting phase and modulus profiles. solid line͒. The calculated profile shows good general agreement with the experimental data, including the overall shape and relative magnitudes of the satellite peaks.
There is evidence of some ''jagged'' features in the sample at positions close to the open slit edge of the phase profile. Since the feature is common to all the independently solved phase profiles, regardless of sample translation, this would appear to be a true feature of the scattered intensity, and hence, of the sample itself, and not a numerical artifact. It is likely that the sample does not have a perfectly circular cross section, which is supported by previous studies. 12 The region of constant phase corresponds to the region of the slit leaf, and hence, is the area in which there is ''total'' attenuation of the incident beam. Accordingly, the value of each argument profile, arg͕t(x)͖, has been set to zero for this region. The variation in calculated values of arg͕t(x)͖ in the slit region for differing sample translations that otherwise satisfy the a priori knowledge of the sample indicates the presence of a phase bias in the complex scattering function. There is a high degree of uncertainty as to the initial value of the phase bias. At the air-to-sample boundary, the phase gradient is infinite, and it is thus difficult to identify the phase bias in the discrete implementation of the phase retrieval procedure. Increasing the spatial resolution of the data in order to more precisely locate the edge location could reduce this difficulty. Since the spatial resolution is determined by the extent of the data in reciprocal space, this would appear to be limited primarily by data collection constraints, e.g., time constraints. However, the phase retrieval formalism requires calculation of a complex polynomial of the same degree as half the number of data points. Consequently, the computational requirements increase exponentially with resolution improvements. The identification of this phase bias will be a critical issue for further development of a quantitative materials characterization technique.
It is significant that the reconstruction of the scattering function t(x) is complex. The spatial distribution of the refractive indices in the sample is comprehensively mapped via the product of the refractive index and the path length through the sample ͓Eq. ͑1͔͒. Consequently, both the attenuation and refraction phenomena are quantified via the modulus and argument, respectively, of the complex scattering function t(x) ͓Eq. ͑1͔͒. The demonstrated ability for highresolution, comprehensive characterization of materials distinguishes this technique from some other quantitative reconstruction methods, such as interferometric 4 or in-line imaging methods, 3 which neglect the effects of absorption and assume a pure phase object.
Further work will seek to extend the methodology to direct characterization of more sophisticated amorphous objects, particularly those of low molecular weight, for which the absorption contrast is poor while the refraction contrast is relatively high. Characterization of a sample in its entirety would be a relatively simple matter by examining, for example, two ''halves'' of the sample separately.
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